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systematic methodology for trading off eigenvector placement vs
gain magnitudes,while still maintaining desired closed-loopeigen-
value locations. An example demonstrated how solutions yielding
achievable eigenvectors close to the desired eigenvectors could be
obtained with signi� cant reductions in gain magnitude compared
to the direct eigenspace assignment solution. This result demon-
strates how this method makes eigenspaceassignmenta much more
practical and useful control-systemsynthesis method.
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I. Introduction

T RACKING of a periodictrajectoryby a � exiblemultibodysen-
sor is important in the � elds of both spacecraft dynamics and

robotics. In robotics, endpoint tracking control of a single � exible
arm has been demonstratedby techniquessuch as adaptivecontrol,1

input-output inversion,2 and time-optimal control.3;4 An alternative
technique,of controlaugmentationwith input shaping,5 is both sim-
ple and robust and has been shown to be effective in reducing vi-
brationsduring and after slewing6;7 and in tracking.8 Applicationof
multimode input shaping to tracking control of nonlinear, � exible
multibody systems has not been investigated previously. This Note
considers such an application, with linear or nonlinear control of a
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two-link � exible robot where the endpoint of the robot is to track a
periodic trajectory in minimum time in a repetitive manner.

II. Modeling
Each beam of the two-link � exible robot is modeled as a series of

rigid rods connected by rotational springs, where the spring coef-
� cients are computed by equating de� ections of a cantilever beam
with those of the model due to a unit tip load. This Note uses the
order-n formulationof thedynamicalequationsofRef. 6. Eachbeam
is broken into rigid segments interconnected by rotational springs.
The order-n equations of motion for this n degree-of-freedomsys-
tem are written in terms of the (n £ 1) vector q of joint and elastic
rotation angles and the (2 £ 1) joint torque vector u as

Rq D f . Pq; q; t/ C b.q/u (1)

where theequations,not reportedhere forbrevity,are validfor small,
as well as large, de� ections of the � exible links. Equation (1) is a
full-order � exible body model of the two-link robot, with two rigid
and four elastic degreesof freedom. For control law design the links
are treated as rigid. The equations of motion for the case when both
links are rigid, of identical length L and mass m driven by joint
torques T1 and T2 , are of the form

[M.q/]f Rqg C C. Pq; q; t/ D T (2)

where q is a (2 £ 1) matrix of joint angles with elements q1 and
q2; the functional dependencies are shown in parentheses,with the
meaning

M D
mL2 5

3
C cos q2 mL2 1

3
C 0:5 cosq2

mL2 1
3

C 0:5 cos q2 m L2=3
(3)

C D ¡.0:5mL2 sin q2/
Pq2.2 Pq1 C Pq2/

¡ Pq2
1

(4)

T D
T1

T2

(5)

Now we consider independent joint control based on the reduced-
order model of Eq. (2), so that measurement of beam de� ections is
not needed for the feedback control law.

III. Control and Inverse Kinematics
The methodof feedbacklinearization9 couldbe applied to Eq. (2),

setting

T D M Rqc ¡ 2³!. Pq ¡ Pqc/ ¡ !2.q ¡ qc/ C C (6)

where M and C are given by Eqs. (3) and (4). Equation (6) ensures
asymptoticdecayof the trackingerror.This is a model-basednonlin-
ear control law with complex feedback. A simple linear control law
can be derived from this, ignoring all coupling, with joint torques
given by feedforward plus proportional-derivativefeedback:

T1 D 8
3
mL2 Rq1c ¡ !2.q1 ¡ q1c/ C 2³!. Pq1 ¡ Pq1c/ (7)

T2 D .m L2=3/ Rq2c ¡ !2.q2 ¡ q2c/ C 2³!. Pq2 ¡ Pq2c/ (8)

where ³ and ! are the closed-loop damping and bandwidth, re-
spectively, for controlling a rigid-body inertia. Taking ! as the � rst
open-loop system mode, i.e., ! D 8:21 Hz (note that ! is not the
bandwidth of the actual � exible-body system) and ³ D 0:707, and
putting Eqs. (7) and (8) into Eq. (1) yield the closed-loop poles for
the � exible robot as ¡0:014 § 7:38 j , ¡0:85 § 16 j , ¡37:5, ¡65:7,
¡0:46 § 89:8 j , ¡13:3 § 120:9 j , ¡259:6, and ¡11,178.

InEqs. (7) and (8) thecommandedvaluesof the jointanglesq1 and
q2 and their � rst and secondderivativesare obtainedfrom the inverse
kinematics of this two-link rigid-body model. Given commanded
endpointlocationsof the robot in inertialframecomponents(xc , yc ),
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a closed-form solution for the joint angles can be obtained from
geometry9 as

cosq2c D
x2

c C y2
c ¡ 2L2

2L2
(9)

q1c D tan¡1

³
yc

xc

´
¡ tan¡1

³
sin q2c

1 C cos q2c

´
(10)

Given (xc , yc ) as functions of time, commanded � rst and second
derivatives of the joint angles may be obtained as follows:

Pq1c

Pq2c
D [J .q1c; q2c/]

¡1
Pxc

Pyc

(11)

Rq1c

Rq2c
D [J .q1c; q2c/]
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³
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(12)

where the elementsof the Jacobian J , which is a 2 £ 2 matrix for the
rigid two-link robot model, are evaluated from Eqs. (9) and (10) by
differentiation.It is assumedthat the inverseof the Jacobianexists.In
practice,singularcon� gurationsmay occurnearcorners.Singularity
avoidance schemes, such as by use of redundant manipulators, are
discussed in the robotics literatureand are not consideredwithin the
scope of this Note.

IV. Input Shaping
The inputshapingcontroltechniqueattemptsto eliminateresidual

vibration by generating a command signal that is self-canceling,
that is, any vibration induced by the command is canceled by a
later portion of the command. Input shaping is implemented by the
convolution of a sequence of impulses with the desired command.
The result of the convolution is used to command the system. We
elect to traverse a path in minimum time that, however, excites
multiple vibration modes. The minimum time nominal solution is
a bang-bang command in acceleration. This can be thought of as
the result of a convolution of a step command and the following
impulse sequence:

ti
Ai

D
0 t f =2 t f

1:0 ¡2:0 1:0
(13)

where the switching occurs at the midpoint of the � nal time t f for a
given maximum acceleration.A robust input shaper that eliminates
residual vibrationand is insensitive to modeling errors in frequency
has been shown by Singer and Seering5 to be the three-impulse
sequence

ti

Ai
D

0 T=2 T

0:25 0:5 0:25
(14)

where the vibration mode to suppress is of period T . By convolving
the sequences in Eqs. (13) and (14), we obtain

ti
Ai

D
0:0 T=2 T t f =2 .T C t f /=2 T C t f =2 t f t f C T=2 t f C T

0:25 0:75 1:0 0:5 ¡0:5 ¡1:0 ¡0:75 ¡0:25 0:0
(15)

The sequencein Eq. (15) is furtherconvolvedwith a step functionin
the acceleration to get the desired command necessary to suppress
a target mode of period T . A similar procedure is used to robustly
suppress vibration in two modes of periods T1 and T2 , for which the
impulse sequence analogous to Eq. (15) is

ti
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D 0:0 T2=2 T2 T1=2 .T1 C T2/=2 T2 C T1=2 T1 T1 C T2=2 T1 C T2
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Fig. 1 Commanded tip bang-bang acceleration with input shaping for
two modes.

V. Performance and Robustness
We consider a square trajectory to be tracked by the endpoint

of the two-link � exible robot. This trajectory is challenging be-
cause the change in commanded direction at a corner of the square
is likely to induce vibration. For the numerical simulation n D 6,
each beam—of length 4.5 m, � exural rigidity 1676 N-m2, and mass
density 0.335 kg/m—is broken into three equal rigid elements, and
the rotational springs connecting the pieces are of stiffness 1117.4
N-m/rad. The system elastic frequencies are 8.21, 8.56, 25.4, and
25.7Hz. Simulationof trackingcontrolof a prescribedsquaretrajec-
tory for the endpoint of the two-link � exible manipulator has been
done with all tracking starting at the lower left corner of a square.
Minimum travel time t f giving a bang-bang command acceleration
of 0.288 m/s2 in rest-to-rest motion along a side of length 1.8 m
was taken as 5.0 s. Figure 1 shows the two-mode shaper to elimi-
nate two closed-loop modes, of period 0.85 and 0.40 s, for x- and
y-direction accelerations. Figure 2 shows the results of using the
nonlinear control law, Eq. (6), with and without input shaping, and
the effect of input shaping in suppressingvibrations is clear. Similar
results10 are obtained with the linear control law, Eqs. (7) and (8),
and the results of three repetitive executions of the trajectory when

the control is used with and without any input shaping are shown
in Fig. 3. The smear in the � gure for the contour tracked is due to
cumulativeerrorbuildupwithout inputshapingwhen terminalerrors
in position and velocity in any segment of the track are nonzero.
The straight-sided rectangle in Fig. 3 represents the improvement
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Fig. 2 Nonlinear tracking control with and without input shaping.

Fig. 3 Linear control with and without input shaping for repetitive
tracking.

Fig. 4 Linear control with input shaping, with gains for tracking a
small square used in tracking a large square.

attained for the same three repetitive trackings with input shaping,
where linearcontrolwith two-mode shapingcausesvery littlesmear.

Robustness of the input shaped tracking controller can be exam-
ined by changing the desired trajectory. To this end we consider
tracking a much larger square, with each side of length 12.6 m
covered in a rest-to-rest motion with the same maximum accel-
eration as before, namely, 0.288 m/s2. Using the same control
laws and the same input shaping as that used for tracking the
smaller square, one obtains for the larger square the results for
linear control with two-mode shaping, given in Fig. 4. The eigen-
values of the closed-loop plant about the initial con� guration, in
the lower left corner of the square, are ¡0:017 § 5:42 j , ¡0:85
§ 25:9 j , ¡37:5, ¡43:8, ¡1:5 § 79:9 j , ¡2:1 § 130:2 j , ¡1131:4,
and ¡11,217.

This shows that the � rst two closed-loop modes for this new
con� guration are of period 1.16 and 0.24 s, compared with 0.85
and 0.4 s obtained for the initial con� guration corresponding to the
lower left corner of the smaller square. In the light of the mistuning,
the performance degradation in Fig. 4 is to be expected, and one
could reasonably conclude that the control scheme is robust.

VI. Conclusion
Endpoint tracking control performance of a two-link � exible

robot has been shown to be improved with input shaping based
on the vibration modes of the actual closed-loop system, using ei-
ther a nonlinearor a linear control law based on a rigid-bodymodel
of the system. It is shown that input shaping of closed-loopcontrol
modes gives a robustperformance,and it greatly improves repetitive
tracking of a space-�xed trajectory.
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Introduction

S PACE missions using solar electric propulsion (SEP) will, it
is hoped, become more commonplace after SEP technology

is successfully demonstrated by the � rst new millennium mission,
Deep Space 1. Much of the previous low-thrust � ight mechanics
research has been devoted to computing optimal (minimum-fuel or
minimum-time) trajectories. Examples include transfers from low
Earth orbit (LEO) to geosynchronousorbit (GEO).1¡3 By compar-
ison, the volume of work on guidance laws for electric propulsion
spacecraft is somewhat limited. Early examples of low-thrust guid-
ance schemes for lunar and interplanetary missions are presented
by Battin4 and Breakwell and Rauch,5 respectively. More recent
low-thrust guidance methods are demonstrated in Refs. 6–8.

Trajectory optimization methods often utilize a calculus of vari-
ations approach, which obtains the optimal trajectory by solving a
corresponding two-point boundary-value problem (TPBVP). As a
result of the TPBVP solution, the Euler–Lagrange or costate equa-
tions de� ne the thrust vector steering control during the optimal
transfer in an open-loop fashion. For realistic onboard guidance
schemes, the implementation of the optimal control de� ned by the
costate equations may not be feasible or practical for the very long
duration transfers performed by low-thrust spacecraft. For exam-
ple, a typical LEO–GEO transfer using SEP would require hun-
dreds of days of continuous thrusting and thousandsof revolutions.
This presents several challenges for designing a guidance system
for steering the thrust vector. In addition, the level of ground sup-
port is signi� cantly increased if frequent uplinks of new guidance
commands for thrust steering is necessary. Therefore, a simple au-
tonomous guidance scheme (which can be easily stored and imple-
mented on board the spacecraft) that provides near-optimal perfor-
mance would be highlybene� cial for low-thrustmission operations.
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This Note presentsa simple guidancescheme for performinglow-
thrust orbital transfers. The guidance is based on optimal control
laws that are developedby investigatingthe nature of the variational
equations for the orbital elements. The individual control laws are
blended so that a simultaneous change of several orbit elements is
enacted.A numericalsimulationof a low-thrustLEO–GEO transfer
is presented to demonstrate the proposed guidance scheme.

Guidance Scheme
Control Laws

The proposed guidance method is based on a combination of in-
dividual optimal control laws that maximize the time rate of change
of a desired orbital element. To demonstrate the foundation of the
optimal controls, the governingdifferentialequationsfor semimajor
axis a, eccentricity e, and inclination i are presented:

da

dt
D 2a2v

¹
aT cos Á (1)

de

dt
D

aT

v
2.e C cos º/ cos Á C

r

a
sin º sin Á (2)

di

dt
D

aT r

h
cos µ sin ¯ (3)

where v is the velocity magnitude, aT is the thrust acceleration
magnitude (thrust/mass), ¹ is the gravitational constant, h is the
angular momentum, r is the radial position magnitude, º is the true
anomaly, ! is the argument of periapsis, and µ D ! C º. The in-
plane thrust-steering angle Á is measured from the velocity vector
to the projection of the thrust vector onto the orbit plane, and the
out-of-plane(yaw) steeringangle¯ is measuredfrom the orbit plane
to the thrust vector. The optimal controlsÁ¤

a .t/, Á¤
e .t/, and ¯¤.t/ are

derived from the � rst-order necessary (stationarity) condition for
optimality for each respective variational equation [e.g., Á¤

a .t/ sat-
is� es @ Pa=@Á D 0, etc.]. The optimal controls that maximize da=dt ,
de=dt , and di=dt are

Á¤
a D 0 (4)

tan Á¤
e D

r sin º

2a.e C cos º/
(5)

¯¤ D .¼=2/sgn.cos µ/ (6)

The preceding controls maximize the respective variational equa-
tions because the second-order suf� cient condition check yields
negative values (e.g., @2 Pa=@Á2 < 0). Although Eq. (6) is the opti-
mal steering law for maximizing di=dt , any out-of-plane steering
is essentially wasted when the longitude angle µ is near §90 deg.
Therefore, the yaw steering law

¯¤ D .¼=2/cos µ (7)

provides a good feedback steering law for near-maximum Cdi=dt
and does not waste the thrust force near µ D §90 deg.

Blending the Control Laws
The in-plane thrust steering is obtained by blending the in-plane

optimal controls (4) and (5). The basic steps are as follows:
1) Compute the unit vectorsca and ce that de� ne the in-planeopti-

mal controls for maximum da=dt and de=dt , respectively.The unit
vectors are expressed in a local rotating radial-transverse-normal
(RTN) coordinate frame where the R axis is along the radial direc-
tion, the T axis is in the orbit plane along the transverse direction,
and the N axis is normal to the orbit plane (however, the in-plane
steeringunit vectors ca and ce will only have R and T components).
A general expression for the unit vector in the RTN frame is

ck D sin ° C Á¤
k ; cos ° C Á¤

k ; 0
T
; k D a; e (8)

where Á¤
a and Á¤

e are computed using the optimal controls (4) and
(5). The angle ° is the � ight-path angle and is measured from the
local horizon to the velocity vector.


